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a b s t r a c t

We simulate the single-scattering properties (SSPs) of dust aerosols with both

spheroidal and spherical shapes at a wavelength of 0.55mm for two refractive indices

and four effective radii. Herein spheres are defined by preserving both projected area

and volume of a non-spherical particle. It is shown that the relative errors of the spheres

to approximate the spheroids are less than 1% in the extinction efficiency and single-

scattering albedo, and less than 2% in the asymmetry factor. It is found that the

scattering phase function of spheres agrees with spheroids better than the Henyey–

Greenstein (HG) function for the scattering angle range of 0–901. In the range of

�90–1801, the HG function is systematically smaller than the spheroidal scattering

phase function while the spherical scattering phase function is smaller from �901 to

1451 but larger from �1451 to 1801.

We examine the errors in reflectivity and absorptivity due to the use of SSPs of

equivalent spheres and HG functions for dust aerosols. The reference calculation is

based on the delta-DISORT-256-stream scheme using the SSPs of the spheroids. It is

found that the errors are mainly caused by the use of the HG function instead of the SSPs

for spheres. By examining the errors associated with the delta-four- and delta-two-

stream schemes using various approximate SSPs of dust aerosols, we find that the errors

related to the HG function dominate in the delta-four-stream results, while the errors

related to the radiative transfer scheme dominate in the delta-two-stream calculations.

We show that the relative errors in the global reflectivity due to the use of sphere SSPs

are always less than 5%. We conclude that Mie-based SSPs of non-spherical dust aerosols

are well suited in radiative flux calculations.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Dust aerosol, which is the dominant aerosol by mass in the climate system [1], scatters and absorbs solar radiation, and
absorbs and emits longwave radiation, leading to significant tropospheric heating but surface cooling [2,3]. Dust aerosol
also influences the regional and global climate through its indirect effects by serving as cloud condensation nuclei [4,5] and
delivering iron nutrient to oceans [6]. Dust aerosol occurs naturally but is exacerbated in many instances by human
impacts on land use and soil moisture [7].
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The shapes of dust aerosols are exclusively non-spherical [8–10]. It is well recognized that the scattering phase
functions of non-spherical dust aerosols are vastly different from those of equivalent spheres based on Mie theory [9,11,12].
It is thus critically important to take into account the non-spherical effect when retrieving dust aerosol optical and
microphysical properties from the measurements of solar radiances [11–15].

However, it is a common practice to use Mie theory to approximate the single-scattering properties (SSPs) of dust
aerosols in the radiative flux calculations [16–19]. Mishchenko et al. [11] showed that the spherical and non-spherical
differences in the extinction coefficient, single-scattering albedo, and asymmetry factor for dust aerosols become smaller
than those in the scattering phase function so that the influence of the particle shapes on the aerosol radiative forcing is
small. But so far there is no systematic assessment of the application of equivalent spheres to dust aerosols in the solar
radiative flux calculations.

This paper will address the following questions. First, what are the errors in the solar radiative fluxes associated with
solar reflectivity and absorptivity of a dust layer by using the extinction coefficient, single-scattering albdeo, and scattering
phase function from Mie theory? To address this question we will represent a single non-spherical particle by a collection
of monodisperse spheres which contains the same total surface area and total volume as the original particle [20]. The SSPs
of such defined spheres can represent those of non-spherical particles better than using spheres with either equivalent
projected area or equivalent volume [20–23]. Second, how accurate is the Henyey–Greenstein (HG) function to represent
the scattering phase function of dust aerosols in the radiative flux calculations? The HG scattering phase function that is
based on a single parameter, the asymmetry factor, is exclusively used in the radiative flux calculations in the climate
models. This practice greatly simplifies the parameterization of dust aerosol SSPs. And third, how do errors related to the
use of equivalent spheres and the HG function compare to errors due to the delta-two- and delta-four-stream radiative
transfer schemes that are widely used in climate models?

In Section 2 of this paper we describe the SSPs of dust aerosols used in this study. Section 3 describes the radiative flux
calculations and how the above questions are addressed. Results and conclusions are presented in Sections 4 and 5,
respectively.

2. Single-scattering properties

The SSPs of non-spherical dust aerosols are calculated following Yang et al. [12]. The shapes of dust particles are
assumed to be spheroids [11,15] with an aspect ratio (i.e., a/b where a and b are the rotational-symmetry and equatorial
semi-axes, respectively) of 1.7 [24]. 1000 size bins are considered with a (b) ranging from 0.071 (0.042) to 21.37 (12.57)mm
with a resolution D ln a of 0.0057. The refractive indices of dust particles compiled by Levoni et al. [18] are used, which
show little spectral dependence of the imaginary (real) part for wavelengths o�2 (1)mm. (Note that this may not be true
for imaginary part of the dust refractive index at short wavelengths where spectral dependence can be significant [25].) The
refractive index is 1.53+0.008i at the wavelength of 0.55mm. For a sensitivity test, we also consider a refractive index of
1.53+0.001i for dust particles with much weaker absorption.

To compute the SSPs of spheroidal dust particles, a combination of the T-matrix method [26] and an approximate
method is used. The T-matrix method is applied to spheroids with a size parameter smaller than 50. Here the size
parameter is defined as 2prv/l where l is the wavelength and rv is the radius of the equivalent sphere with the same
volume as a spheroid (see more discussions below). The approximate method, which is applied to spheroids with a size
parameter larger than 50, employs the improved geometric optics method (IGOM) [27] to compute the scattering phase
function. In the calculation of extinction and absorption efficiencies, the contribution of the so-called edge effects is added
to the IGOM results [12]. The spheroids are assumed to be randomly oriented in space. The SSPs including the extinction
and absorption efficiencies and scattering phase functions from the T-matrix and the approximate methods converge well
at a size parameter of �40 to 50 [12].

The volume (V) of a spheroid is given by V ¼ 4=3pab2. The surface area (S) for a prolate spheroid (i.e., a/bX1.0) is given

by S ¼ 2pb2+2pab sin�1 e/e where e is the eccentricity of the spheroid and � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
=a. The projected area (P) of a

randomly oriented convex particle is S/4 [28]. To apply Mie theory, non-spherical particles are usually converted into
spheres using either an equivalent projected area or an equivalent volume [10,11]. The radius for a projected area equivalent
sphere is rp ¼ (P/p)1/2 while the radius for a volume equivalent sphere is rv ¼ (3V/4p)1/3. Note that under the geometric
optics limit, the extinction and absorption cross sections are largely determined by P and V [23]. By using a sphere with rp,
the extinction cross section of a non-spherical particle is exact but the absorption cross section is overestimated. By using a
sphere with rv, the extinction cross section is underestimated.

For a non-spherical particle, spheres with a radius rvp can also be defined with both equivalent projected area and
volume. By letting P ¼ pr2

vpn and V ¼ ð4=3Þpr3
vpn, where n is an adjusted number of spheres to preserve both P and V for a

non-spherical particle, we have rvp ¼ 3V/4P. Note that n here does not have to be an integer. By using n spheres with rvp,
both extinction and absorption cross sections of a non-spherical particle are well represented under geometric optics limit.
Note that the ratio of volume to projected area (V/P) of a non-spherical particle is conserved in the sphere with rvp, which is
a fundamental parameter in determining the absorption efficiency of the particle [29,30]. The advantage of using equal-V/P
spheres over the equal-area spheres or equal-volume spheres has been documented in many literatures [20–23,31,32]. In
this study, we apply Mie calculation to spheres with rvp to mimic the SSPs of non-spherical dust aerosols.
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The radiative impact of dust aerosols depends strongly on their size distribution. Here we represent the dust aerosol size
distribution in terms of rv, consistent with the ground-based remote sensing algorithms that retrieve the particle volume
distribution [15,33]. The lognormal distribution following Levoni et al. [18] is employed in this study

dNðrvÞ

drv
¼

N0

rv lnð10Þs
ffiffiffiffiffiffi
2p
p exp �

½logðrv=rvmÞ�
2

2s2

( )
, (2.1)

where rvm and s are the mode radius and standard deviation, respectively; N0 is the number density of dust aerosols; and s
is set to be 0.4. This size distribution is the same as the standard model of the accumulation mode of dust aerosol adopted
in the Multiangle Imaging SpectroRadiometer (MISR) aerosol retrieval algorithm [11,34] but using the volume-equivalent
spheres. In this study the rv ranges from 0.05 to 15mm, corresponding to a (b) from 0.071 (0.042) to 21.37 (12.57)mm, with a
resolution D ln rv of 0.0057. Note that for a given aspect ratio of a spheroid, among the four measures of its sizes, i.e., a(b),
rvp, rv, and rp, we can determine uniquely the other three from a given one (e.g., rv).

The radiative impact of size distributions of spherical particles can be largely represented by an effective radius
as defined by Hansen and Travis [35]. For non-spherical dust aerosols, we can define the effective radius (re) using the
V/P-equivalent spheres [22] in the form

re ¼

R rv;max

rv;min
r3

vpnNðrvÞdrvR rv;max

rv;min
r2

vpnNðrvÞdrv

¼
3

4

R rv;max

rv;min
VNðrvÞdrvR rv;max

rv;min
PNðrvÞdrv

, (2.2)

where for a given rv, n is the number of spheres with a radius rvp corresponding to a spheroid that has a volume V and a
projected area P.

For a given size distribution, the bulk SSPs of the dust aerosols including the mean extinction efficiency (Qe), single-
scattering albedo ( ~o), and scattering phase function (P11) can be written as follows:

Qe ¼

R rv;max

rv;min
Q 0ePNðrvÞdrvR rv;max

rv;min
PNðrvÞdrv

, (2.3a)

~o ¼

R rv;max

rv;min
Q 0sPNðrvÞdrvR rv;max

rv;min
Q 0ePNðrvÞdrv

, (2.3b)

P11 ¼

R rv;max

rv;min
P011Q 0sPNðrvÞdrvR rv;max

rv;min
Q 0sPNðrvÞdrv

, (2.3c)

where Q 0e, Q 0s and P011 are the extinction and scattering efficiencies and the scattering phase function, respectively, for an
individual particle. For a given rv, the SSPs including Q 0e, Q 0s and P011 are computed from a combination of the T-matrix and
the approximate methods for the spheroid, and from Mie theory for the V/P-equivalent sphere. It is noted that all the SSPs
are a function of the wavelength in general.

3. Radiative flux calculations

We consider a dust layer with various optical depths and incident solar zenith angles. We use effective radii of 0.25, 0.5,
1.0, and 2.0mm for the dust aerosol size distributions. The discrete-ordinates (DISORT) method [36] with the delta-
adjustment [37] is employed in the radiative flux calculations. The bulk scattering phase function is expanded in terms of
Legendre polynomials Pl in the form

P11ðcos yÞ ¼
XN

l¼0

~olPlðcos yÞ, (3.1a)

where y is the scattering angle and the moment ~ol can be determined from the orthogonal properties of Legendre
polynomials in the form

~ol ¼
2lþ 1

2

Z 1

�1
P11ðcos yÞPlðcos yÞd cos y. (3.1b)

In our notations, ~o0 ¼ 1 and ~o1=3 ¼ g, the asymmetry factor. Herein we expand the scattering phase function into 256
terms (i.e., N ¼ 255) and perform the d-256-stream calculations.

The SSPs of non-spherical dust aerosols are used in the reference calculations. We examine the errors due to the use of
SSPs of V/P-equivalent spheres. The errors due to the HG function in representing the scattering phase function are also
examined. The HG function is defined in the form

PHGðcos yÞ ¼
1� g2

ð1þ g2 � 2g cos yÞ3=2
. (3.2)
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Table 1

Single-scattering properties (SSPs) of dust aerosols including extinction efficiency (Qe), single-scattering albedo ( ~o), and asymmetry factor (g) at the

wavelength of 0.55mm with the refractive indices of 1.53+0.008i and 1.53+0.001i for both spheroids and V/P-equivalent spheres with the effective radii of

0.25, 0.5, 1.0, and 2.0mm.

re (mm) m ¼ 1.53+0.008i m ¼ 1.53+0.001i

Qe ~o g Qe ~o g

Spheroid

0.25 1.8037 0.9435 0.6763 1.8048 0.9921 0.6639

0.50 2.4225 0.9201 0.7022 2.4312 0.9877 0.6790

1.00 2.5630 0.8742 0.7272 2.5706 0.9778 0.6882

2.00 2.4069 0.7995 0.7731 2.4093 0.9574 0.7118

Sphere

0.25 1.8093 (0.3) 0.9440 (0.1) 0.6656 (�1.6) 1.8102 (0.3) 0.9922 (0.0) 0.6555 (�1.3)

0.50 2.4409 (0.8) 0.9216 (0.2) 0.6924 (�1.4) 2.4495 (0.8) 0.9881 (0.0) 0.6747 (�0.6)

1.00 2.5814 (0.7) 0.8775 (0.4) 0.7208 (�0.9) 2.5890 (0.7) 0.9791 (0.1) 0.6928 (0.7)

2.00 2.4197 (0.5) 0.8048 (0.7) 0.7710 (�0.3) 2.4227 (0.6) 0.9608 (0.4) 0.7279 (2.3)

The numbers in parentheses are the relative errors in the SSPs using the V/P-equivalent spheres to approximate the spheroids.
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Fig. 1. Dust aerosol scattering phase functions based on spheroids (solid line), V/P-equivalent spheres (dashed line), and Henyey–Greenstein (HG)

function using the asymmetry factor of spheroids (dotted line), at the wavelength of 0.55mm for the refractive indices of 1.53+0.008i (left panel) and

1.53+0.001i (right panel) and the effective radii of 0.5mm (upper panel) and 2mm (lower panel).
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Note that ~ol ¼ ð2lþ 1Þgl for the HG function. Furthermore the errors of these approximations in representing dust aerosol
SSPs are compared to errors due to the radiative transfer parameterizations such as the delta-two- and delta-four-stream
approximations [38]. These approximations are commonly used in the global climate models.

We examine and compare the errors related to various approximations in the solar reflectivity and absorptivity at the
wavelength of 0.55mm. For a dust layer with an optical depth t1, the optical depth at the top and bottom of the layer is zero
and t1, respectively. The reflectivity r and absorptivity a are then defined in the forms

rðm0Þ ¼ F"ð0Þ=m0F0, (3.3a)

aðm0Þ ¼ ½m0F0 � F"ð0Þ þ F"ðt1Þ � F#ðt1Þ�=m0F0, (3.3b)

where m0 is the cosine of the solar zenith angle, F0 is the incident solar flux perpendicular to the solar beam, and F" and F#

are the upward and downward fluxes, respectively. We use a surface albedo of zero in our calculations so that r is the
reflectivity of the dust layer only. We also examine the global albedo that is defined in the form

r ¼ 2

Z 1

0
rðm0Þm0 dm0. (3.4)

Under the single-scattering limit when t1 is very small, the solar reflectivity can be expressed analytically, which is useful
to check and interpret the errors as derived from numerical experiments. Under this limit, the bidirectional reflectance R

for the direct incident solar radiation at the direction (�m0,f0) that is reflected to the direction (m,f) is [39]

Rð�m0;f0;m;fÞ ¼ t1

~o
4mm0

P11ð�m0;f0;m;fÞ. (3.5)
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Fig. 2. Dust aerosol scattering phase functions based on spheroids (upper panel) and V/P-equivalent spheres (lower panel) at the wavelength of 0.55mm

for the refractive index of 1.53+0.008i and the effective radius of 2mm, and their expansions in terms of Legendre polynomials with 64, 128, and 256 terms.
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The solar reflectivity is related to the bidirectional reflectance by

rðm0Þ ¼
1

p

Z 2p

0

Z 1

0
Rð�m0;f0;m;fÞmdmdf. (3.6)

Insert Eq. (3.5) into Eq. (3.6) and note that 1=2p
R 2p

0 P11ðcos yÞdf ¼
PN

l¼0
~olPlðmÞPlðm0Þ. Also note that

R 1
0 PlðmÞdm ¼

ð�1Þðl�1Þ=2
ððl� 2Þ!!=ðlþ 1Þ!!Þ when l is an odd number, but one when l ¼ 0, and zero when l is an even number. We have

rðm0Þ ¼
t1 ~o
2m0

1þ
XðN�1Þ=2

i¼0

ai ~o2iþ1P2iþ1ð�m0Þ

" #
, (3.7)

where ai ¼ ð�1Þið2i� 1Þ!!=ð2iþ 2Þ!!. In Section 4, we will also present the errors in r(m0) due to the use of the approximate
SSPs under the single-scattering limit following Eq. (3.7).
4. Numerical results and discussions

4.1. Single-scattering properties

Table 1 shows the SSPs of dust aerosols with both spheroidal and V/P-equivalent-spherical shapes at a wavelength of
0.55mm for two refractive indices and four effective radii. The SSPs are very sensitive to the effective radius of dust aerosols.
For example, for the refractive index of 1.53+0.008i, when re increases from 0.25 to 2mm, ~o decreases from 0.9435 to
0.7995 while g increases from 0.6763 to 0.7731. Both single-scattering albedo and asymmetry factor also depend on the
imaginary part (mi) of refractive indices. Table 1 shows that the relative errors due to the use of the V/P-equivalent spheres
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Fig. 3. Relative errors in reflectivity due to the use of the single-scattering properties (SSPs) along with the actual scattering phase function for spheres

(solid line), SSPs along with the Henyey–Greenstein (HG) function for spheroids (dashed line) and spheres (dotted line) in the single-scattering limit (see

Eq. (3.7)). The reference calculations are based on the SSPs along with the actual scattering phase function for spheroids. The results are shown for the

refractive indices of 1.53+0.008i (left panel) and 1.53+0.001i (right panel) and the effective radii of 0.5mm (upper panel) and 2mm (lower panel) at the

wavelength of 0.55mm.
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to approximate the spheroids are 0.3–0.8% in Qe, 0.0–0.7% in ~o, and �1.6% to 2.3% in g. We also repeated the calculations in
Table 1 using both V- and P-equivalent spheres, which shows larger errors.

Fig. 1 compares the scattering phase functions of spheroids and V/P-equivalent spheres for two refractive indices and
two effective radii. The HG functions using the asymmetry factor of spheroids are also shown. The difference among the
scattering phase functions increases as the re increases but this difference is less sensitive to mi. It is also noted that for
the scattering angle range from 01 to 901, the phase function of spheres agrees with spheroids better than the HG function.
The spherical scattering phase function is smaller than spheroids from �901 to 1451 but larger from�1451 to 1801 while the
HG function is systematically smaller from �901 to 1801.

In this study, the number of the streams used in DISORT is determined by comparing the Legendre polynomial
expansion of the scattering phase functions with their exact forms. As shown in Fig. 2, the expansion with 256 terms
converges to the exact scattering phase functions for both spheroids and spheres (far fewer terms are needed to converge
the HG function). Thus DISORT with 256-streams is used in our calculations.
Fig. 4. (a) and (b) Reflectivity and absorptivity from the reference calculations; (c) an (d) relative errors in reflectivity and absorptivity due to the use of

the single-scattering properties (SSPs) with the actual scattering phase function for spheres; (e) and (f) relative errors due to the use of SSPs with the

Henyey–Greenstein (HG) function for spheroids; and (g) and (h) relative errors due to the use of SSPs with the HG function for spheres. An effective radius

of 0.5mm is considered along with refractive index of 1.53+0.008i at the wavelength of 0.55mm. The delta-DISORT-256 stream is used in all calculations.
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4.2. Errors in reflectivity under single-scattering limit

Fig. 3 shows the relative errors in reflectivity in the single-scattering limit (see Eq. (3.7)) due to the use of the SSPs along
with the actual scattering phase function for spheres (solid line), SSPs along with the HG function for spheroids (dashed
line) and spheres (dotted line). The reference calculations are based on the SSPs along with the actual scattering phase
function for spheroids. For a given optical depth t in the reference calculation, the approximate optical depth
tapp ¼ t*Qe,app/Qe,ref where Qe,app and Qe,ref are extinction efficiencies of spheres and spheroids, respectively. Since the
reflectivity is proportional to the optical depth and single-scattering albedo (see Eq. (3.7)), the relative errors associated
with the extinction efficiency and single-scattering albedo are less than 1%. Thus the relative errors shown in Fig. 3 are
largely caused by the differences in scattering phase functions.

Fig. 3 indicates that the relative errors increase as re increases but that the errors are not sensitive to the mi. This result is
consistent with the differences in scattering phase functions shown in Fig. 1. For a re of 2.0mm, the larger errors associated
with the HG function at m0 o�0.5 are due to the significant overestimation of the scattering phase function by the HG
function near the scattering angle of �301 (see Fig. 1). Smaller errors related to the use of the actual scattering phase
function of spheres for larger m0 (4�0.7) are because the errors in this phase function in the scattering angle range of
90–1801 partly cancel each other (see Fig. 1). We can thus conclude from Fig. 3 that the use of actual scattering phase
Fig. 5. Same as Fig. 4 except for an effective radius of 2.0mm.
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function of spheres generally introduces smaller errors than the use of HG functions. It is also noted that the errors using
the HG function with the asymmetry factor based on spheroids and spheres are similar.
4.3. Errors in reflectivity and absorptivity of dust layers

Figs. 4(a) and (b) show the reference reflectivity and absorptivity versus the optical depth and cosine of solar zenith
angle where the SSPs with the actual scattering phase function for spheroids are used. An effective radius of 0.5mm is used
along with refractive index of 1.53+0.008i at the wavelength of 0.55mm. Figs. 4(c) and (d) show the corresponding relative
errors due to the use of the SSPs with the actual scattering phase function for spheres; (e) and (f) show relative errors due
to the use of SSPs with the HG function for spheroids; and (g) and (h) show relative errors due to the use of SSPs with the
HG function for spheres. The delta-DISORT-256-steam is used in all above calculations. Fig. 5 is the same as Fig. 4 except for
an effective radius of 2.0mm.
Fig. 6. Relative errors in reflectivity and absorptivity due to the delta-four-stream scheme using various single-scattering properties (SSPs) for dust

aerosols: (a) and (b) the use of SSPs with ~o1;2;3;4 from the actual scattering phase function for spheroids; (c) an (d) the use of the SSPs with ~o1;2;3;4 from the

actual scattering phase function for spheres; (e) and (f) the use of SSPs with ~o1;2;3;4 from the Henyey–Greenstein (HG) function for spheroids; and (g) and

(h) the use of SSPs with ~o1;2;3;4 from the HG function for spheres. An effective radius of 0.5mm is used along with refractive index of 1.53+0.008i at the

wavelength of 0.55mm.
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Fig. 7. Same as Fig. 6 except for an effective radius of 2.0mm.
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The dependences of relative errors on m0 in Figs. 4 and 5 when t is small are very similar to those shown in Fig. 3
for the reflectivity. The relative errors in reflectivity become smaller as t increases while the relative errors in absorptivity
are small in all cases. The errors in reflectivity for a re of 2.0mm are significantly larger than those for a re of 0.5mm. In Fig. 5,
the errors in (c) are smaller than (e) and (g) while the errors in (e) and (g) are similar. Thus we can conclude that the
reflectivity errors in Fig. 5 are mainly associated with the use of the HG function instead of the SSPs for spheres. The
reflectivity errors associated with various approximations shown in Fig. 4 (re ¼ 0.5mm) are similar, which are all generally
small.

Fig. 6 shows relative errors in reflectivity and absorptivity due to the delta-four-stream scheme using various
approximate SSPs for dust aerosol layers with an effective radius of 0.5mm. The errors using SSPs with ~o1;2;3;4 from the
actual phase function for spheroids are shown in (a) and (b), using SSPs with ~o1;2;3;4 from the actual phase function for
spheres in (c) and (d), using spheroid SSPs with ~o1;2;3;4 from the HG function in (e) and (f), and using sphere SSPs with
~o1;2;3;4 from the HG function in (g) and (h). Fig. 7 is the same as Fig. 6 except for an effective radius of 2.0mm.

The relative errors in absorptivity are small in all cases while the errors in reflectivity when re ¼ 2.0mm are significantly
larger than those when re ¼ 0.5mm. In Fig. 7 (i.e., re ¼ 2.0mm), the reflectivity errors in (e) and (g) are similar while the
errors in (a) are much smaller. Thus, in the delta-four-stream calculations, the reflectivity errors are still dominated by the
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Fig. 8. Same as Fig. 6 except for the delta-two-stream scheme.
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use of the HG function and the use of ~o1;2;3;4 based on the actual phase function of spheroids may improve the accuracy of
the simulated reflectivity.

Figs. 8 and 9 are the same as Figs. 6 and 7 except for the delta-two-stream scheme. The relative errors in both reflectivity
and absorptivity using various approximate SSPs are similar, indicating that the errors associated with the radiative
transfer scheme dominate. A close examination of Figs. 8 and 9 even suggests that the errors using ~o1 and ~o2 based on the
HG functions are slightly smaller than those using ~o1 and ~o2 based on the actual phase functions (e and f versus a and b; g
and h versus c and d). This might be because the errors due to the delta-two-stream scheme partly cancel the errors due to
the HG functions.

Fig. 10 shows relative errors in global albedo versus optical depth for re ¼ 0.5mm (left panel) and 2.0mm (right panel).
The errors using the delta-DISORT-256 stream, delta-four-stream, and delta-two-stream schemes are shown in the upper,
middle, and lower panels, respectively. Solid lines represent SSPs with the actual scattering phase function for spheres,
dashed lines show spheroid SSPs with HG function, dotted lines show sphere SSPs with HG function, and dashed-dotted
lines indicate SSPs with the actual scattering phase function for spheroids (only in middle and lower panels). The errors in
the upper panel are due to the approximate SSPs only, while errors in middle and lower panels are caused by both
approximate SSPs and radiative transfer schemes.
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Fig. 9. Same as Fig. 7 except for the delta-two-stream scheme.
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In the upper panel, the relative errors in global reflectivity due to the use of the SSPs with the actual phase function for
spheres (solid lines) are less than 5%. In the middle and lower panels, the relative error difference between the solid and
dashed-dotted lines is also less than 5%, as is the difference between dashed and dotted lines in all panels. Thus we can
conclude that the relative error in the global reflectivity due to the use of sphere SSPs is always less than 5%.

We also examine the errors for the refractive index of 1.53+0.001i, which are similar to those shown in Figs. 4–10.
5. Summary and conclusions

The SSPs of dust aerosols with both spheroidal and V/P-equivalent-spherical shapes are simulated at the wavelength of
0.55mm for two refractive indices and four effective radii. It is shown that the relative errors due to the use of the spheres to
approximate the spheroids are less than 1% in extinction efficiency and single-scattering albedo, and less than 2% in
asymmetry factor. By comparing the scattering phase functions of V/P-equivalent spheres and the HG function with those
of spheroids, it is found that in the scattering angle range of 0–901, the phase function of spheres agrees with spheroids
better than the HG function. In the range of �90–1801, the HG function is systematically smaller while the spherical
scattering phase function is smaller from �901 to 1451 but larger from �1451 to 1801.
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Fig. 10. Relative errors in global albedo versus optical depth for re ¼ 0.5mm (left panel) and 2.0mm (right panel) with refractive index of 1.53+0.008i at the

wavelength of 0.55mm. The results from delta-DISORT-256 stream, delta-four-stream, and delta-two-stream schemes are shown in the upper, middle, and

lower panels, respectively. The solid line denotes the use of single-scattering properties (SSPs) and the actual phase function for spheres, dashed line the

use of spheroid SSPs and Henyey–Greenstein (HG) function, dotted line the use of sphere SSPs and HG function, and dashed-dotted line the use of SSPs

and the actual phase function for spheroids (only in middle and lower panels).
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We examine the errors in reflectivity and absorptivity due to the use of SSPs of V/P-equivalent spheres and HG functions
for dust aerosols. The reference calculation is based on the delta-DISORT-256-stream scheme using the SSPs of the
spheroids. It is found that the errors are mainly caused by the use of the HG function instead of the SSPs of spheres. This
result is validated by the solution under the single-scattering limit.

We also examine the errors associated with the delta-four- and delta-two-stream schemes using various approximate
SSPs for dust aerosol layers. For the delta-four-stream scheme, the errors are found to be still dominated by the use of the
HG function, and the use of ~o1;2;3;4 from the actual scattering phase function of spheroids may help reduce the errors.
For the delta-two-stream calculations, the errors associated with the radiative transfer scheme dominate. It is also shown
that the relative errors in the global reflectivity due to the use of sphere SSPs are always less than 5%. We conclude that the
Mie-based SSPs of spheroidal dust aerosols are well suited in radiative flux calculations.
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